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MONOMIAL IDEALS WITH LINEAR QUOTIENTS WHOSE
TAYLOR RESOLUTIONS ARE MINIMAL
MUNETAKA OKUDAIRA AND YUKIHIDE TAKAYAMA
Abstract. We study when Taylor resolutions of monomial ideals are min-
imal, particularly for ideals with linear quotients.
Introduction
Let S = K[X1, . . . , Xn] be a polynomial ring over a field K and consider
a monomial ideal I ⊂ S. Let G(I) = {u1, . . . , ur} be the minimal set of
monomial generators of I. Then the Taylor resolution (T•(I), d•) of I is defined
as follows (cf. [1] Excer. 17.11): Tq(I) =
∧q+1 L for q = 0, . . . , r − 1 where L
is the S-free module with the basis {e1, . . . , er} and dq : Tq(I) −→ Tq−1(I), for
q = 1, . . . , r − 1, is defined by
dq(ei0 ∧ · · · ∧ eiq) =
q∑
s=1
(−1)s
lcm(ui0, . . . , uiq)
lcm(ui0, . . . , uˇis, . . . uiq)
ei0 ∧ · · ·
is
ˇ · · · ∧ eiq
and the augumentation ǫ : T0 −→ I is defined by ǫ(ei) = ui for i = 1, . . . , r. In
general, T•(I) is far from minimal and the aim of this paper is to determine
some of the cases in which this resolution is minimal.
A monomial ideal I ⊂ S is said to be an ideal with linear quotients if, for
some specified order u1, . . . , ur of the minimal set of generators, the colon ideals
(u1, . . . , uj−1) : uj are generated by a subset of {X1, . . . , Xn}, for j = 1, . . . , r.
When we consider such an ideal I = (u1, . . . , ur), we will always assume that I
has linear quotients with this order of the minimal set of generators u1, . . . , ur.
We also set set(uj) = {i1, . . . , is} when (u1, . . . , uj−1) : uj = (Xi1, . . . , Xis).
Stable ideals, squarefree stable ideals and (poly)matroidal ideals are all ideals
with linear quotients and they have Eliahou-Kervaire type minimal resolutions
[3].
We will show that an ideal I = (u1, . . . , ur) with linear quotients has a
minimal Taylor resolution if and only if |set(ui)| = i − 1 for i = 1, . . . , r
(Theorem 1.1), where |A| denotes the cardinarity of the set A. In the case
of stable ideal, this is precisely when 1 ≤ r ≤ n and ui are in the form of
ui = Xi(
∏i
k=1X
nk
k ), i = 1, . . . , r, for some integers n1, . . . , nr ≥ 0 (Theo-
rem 2.2). On the other hand, for a monomial ideal I ⊂ S with linear resolu-
tion, I has the minimal Taylor resolution precisely when I is in the form of
I = u · (Xi1, . . . , Xik), where u is a monomial and {i1, . . . , ik} ⊆ {1, . . . , n}
(Theorem 3.1). Such an ideal also has linear quotients. We also give several
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examples such as matroidal ideals and squarefree stable ideal having minimal
Taylor resolutions.
We thank Ju¨rgen Herzog for valuable discussions and comments.
1. Ideal with linear quotients
This section recalls some general facts on ideal with linear quotients and
give a condition for such ideals to have the minimal Taylor resolutions.
Lemma 1. Let I = (u1, . . . , ur) be a monomial ideal with linear quotients.
Then,
|set(ui)| ≤ i− 1 for i = 1, . . . , r
Proof. Since set(ui) = {j | Xj ∈
⋃i−1
k=1(uk) : ui} =
⋃i−1
k=1{j | Xj ∈ (uk) : ui}
and each (uk) : ui is generated by a single variable, we obtain the desired
result. 
Lemma 2 (cf. lemma 1.5 [3]). Let I be a monomial ideal with linear quotients.
Then the Betti numbers βq(I) of I are as follows:
βq(I) =
∑
u∈G(I)
(
|set(u)|
q
)
for all q ≥ 0.
Recall that a monomial ideal I ⊂ S is stable if, for an arbitrary mono-
mial w ∈ I, we have Xiw/Xm(w) ∈ I for all i < m(w) where m(u) =
max{j | Xj divides u}. If I = (u1, . . . , ur) is stable, we have set(u) = {1, . . . , m(u)−
1} if deg u1 ≤ · · · ≤ deg ur and ui > ui+1 by reverse lexicographical order if
deg ui = deg ui+1. Then we can recover the well-known Eliahou-Kervaire for-
mula [2] from Lemma 2.
Theorem 1.1. Let I = (u1, . . . , ur) be a monomial ideal with linear quotients.
Then I has the minimal Taylor resolution if and only if |set(ui)| = i − 1 for
i = 1, . . . , r.
Proof. We have
(1) βq(I) ≤
r∑
i=1
(
i− 1
q
)
for all q ≥ 0
by Lemma 1 and 2. On the other hand, the Taylor resolution T•(I) is minimal
if and only if βq(I) =
(
r
q+1
)
=
∑r
i=1
(
i−1
q
)
. Thus the inequality in (1) must be
equality, which implies |set(ui)| = i− 1 for all i by Lemma 1. 
2. Stable ideals having the minimal Taylor resolutions
The goal of this section is to determine precisely the stable ideals that have
the minimal Taylor resolutions.
We fist prepare a formal characterization of such ideals.
Proposition 2.1. Let I be a stable ideal of R. Then the following conditions
are equivalent :
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(i) I has the mimimal Taylor resolution;
(ii) max{m(u) | u ∈ G(I)} = |G(I)| ;
(iii) mi(I) =
{
1 for 1 ≤ i ≤ |G(I)|
0 for |G(I)| < i ≤ n,
where we define mi(I) = |{u ∈ G(I) | m(u) = i}|,
Proof. We first show thatmi(I) ≥ 1 for i = 1, . . . , b0, where b0 := max{m(u) | u ∈
G(I)}. We have mb0(I) ≥ 1 and there exists v ∈ G(I) such that v = wX
α
b0
with m(w) < b0 and α > 0. Suppose that there exists j such that 1 ≤ j < b0
and mj(I) = 0. Since I is stable, we have v
′ := wXαj ∈ I and there exists
u ∈ G(I) that divides v′. Since mj(I) = 0, u must divide w, which implies
u ∈ G(I) divides v ∈ G(I), a contradiction. Thus we have b0 ≤ |G(I)|.
Now we show (i) ⇒ (ii) : Assume that I has the minimal Taylor resolution,
i.e., βq(I) =
(
|G(I)|
q+1
)
=
∑|G(I)|
i=1
(
i−1
q
)
for q ≥ 0. By Lemma 2 and Theorem 1.1,
we have βq(I) =
∑b0
i=1
(
i−1
q
)
, so that we must have b0 = |G(I)|. (ii) ⇒ (iii)
is clear from the inequality b0 ≤ |G(I)|. Finally we show (iii) ⇒ (i) : By
(iii), we have G(I) = {u1, . . . , ur} with m(ui) = i for i = 1, . . . , r. We claim
that with this order of the generators I is an ideal with linear quotients with
set(ui) = {1, . . . , m(ui) − 1}. To prove the claim we have only to show that
deg ui ≤ deg ui+1 for all i (see the comment after Lemma 2). We can set
ui = vX
p
i and ui+1 = v
′Xqi+1 for some monomials v and v
′ with m(v) < i
and m(v′) < i + 1 and integers p, q > 0 Then, since I is stable, we have
w := v′Xqi ∈ I so that there exists uj ∈ G(I) that divides w. In particular,
m(uj) ≤ i and deg uj ≤ degw = deg ui+1. If m(uj) < i, then uj divides v
′,
which implies that uj divides ui+1, a contradiction. Thus m(uj) = i so that
by (iii) we must have uj = ui. Then deg uj ≤ deg ui+1 as required. Now
we have |set(ui)| = i − 1, so that I has the mimimal Taylor resolution by
Theorem 1.1. 
Using above proposition we can determine the stable ideals with the minimal
Taylor resolutions.
Theorem 2.2. Let I ⊂ S be a stable ideal. Then I has the mimimal Taylor
resolution if and only if it is in the following form: I = (u1, . . . , ur) for some
r ≤ n, where
ui = Xi ·
i∏
k=1
Xakk (i = 1, . . . , r)
for some integers a1, . . . , ar ≥ 0.
Proof. We can easily check that an ideal in the above form is stable and it
has the minimal Taylor resolution by Prop. 2.1. Now we show the converse.
By Prop. 2.1 we can assume that G(I) = {u1, . . . , ur} with m(ui) = i for
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i = 1, . . . , r and r ≤ n. Thus we can write ui as follows
ui = Xi ·
i∏
k=1
X
ai,k
k (i = 1, . . . , r)
for some integers ai,k ≥ 0, 1 ≤ i ≤ r and 1 ≤ k ≤ i. We will show that each
ai,k is constant with regard to i.
Since I is stable, we have w := urXr−1/Xr = Xr−1 ·
∏r
k=1X
ar,k
k ∈ I, so that
there exists u ∈ G(I) that divides w. We claim that u = ur−1. In fact, we
have m(u) ≤ r − 1 since u 6= nr. If m(u) < r − 1, then u divides w/Xr−1 =∏r
k=1X
ar,k
k , which implies that u divides ur, contradicting the assumption that
both u and ur are from G(I). Thus we must have m(u) = r−1, which implies
u = ur−1. Then we know that ar−1,r−1 ≤ ar,r−1. If ar−1,r−1 < ar,r−1, then
ur−1 divides ur, a contradiction. Thus we have ar−1,r−1 = ar,r−1. Repeating
the same argument replacing ur by uj (j = r − 1, r − 2, . . . , 2), we obtain
aj,j = aj+1,j for j = 1, . . . , r − 1.
Now assume by induction that we have already obtained that uj divides
wj := ur(Xj/Xr) = Xj(
∏r
i=1X
ar,i
i ) for all j such that k ≤ j ≤ r − 1 and
consider wk−1. By the similar discussion to the above, there exists u ∈ G(I)
such that u divdes wk−1 and m(u) ≥ k − 1. Assume that j0 := m(u) >
k−1. We have u = uj0 and by assumption u divides both Xj0(
∏r
i=1X
ar,i
i ) and
Xk−1(
∏r
i=1X
ar,i
i ), which implies that u divides ur, a contradiction. Thus we
have u = uk−1. Consequently, uj divides wj for all j = 1, . . . , r− 1 and by the
similar discussion to the above we have aj,j = ar,j for all j = 1, . . . , r − 1.
Carrying out the same discussion replacing ur by uℓ for ℓ = r − 1, r − 2, ...,
we obtain aj,j = ai,j for all i = 1, . . . , r and j = 1, . . . , r − 1, as required. 
Corollary 1. Assume that I ⊂ S is a stable ideal generated by monomials of
the same degree d > 1. Then I has the minimal Taylor resolution if and only
if I is in the form of Xd−11 (X1, X2, . . . , Xr) for some r ≤ n.
3. Linear minimal Taylor resolutions
In this section, we consider non-stable cases of ideals with linear quotients.
Theorem 3.1. Let I be a monomial ideal with a linear resoluition. Then the
following conditions are equivalent:
(i) I has the mimimal Taylor resolution:
(ii) I = u · (Xi1, . . . , Xik) for some 1 ≤ i1 < · · · < ik ≤ n and a monomial
u.
In this case, I is an ideal with linear quotients.
Proof. It is clear that ideals in the form of (ii) have linear quotients. We only
have to show (i) to (ii), and the converse is clear. We prove by induction on
|G(I)|. Let G(I) = {u1, . . . , ur} (r ≥ 2) and let T•(I) be the linear minimal
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Taylor resolution. Since we have
lcm(u1, ui1, . . . , uiq)
lcm(u1, ui1, . . . , uˇis, . . . uiq)
=
lcm(ui1, . . . , uiq)
lcm(ui1 , . . . , uˇis, . . . uiq)
for all 1 < i1 < . . . , iq ≤ r, by truncating all the bases in the form of e1 ∧ · · ·
from T•(I), we obtain the linear minimal Taylor resolution of J = (u2, . . . , ur).
Thus by the induction hypothesis we have uk = uXij , k = 2, . . . , r, for some
monomial u and 1 ≤ i1 < · · · < ij ≤ n. Now we show that u1 is in the form
of uXi0 for some i0 /∈ {i1, . . . , ij}. Since T•(I) is linear, both lcm(u1, ui)/u1
and lcm(u1, ui)/ui must be linear for i = 2, . . . , r. Then we easily know that u
must divide u1 and conclusion follows. 
Now we show some examples produced by Theorem 3.1.
Example 1. Let I = Xp1X
q
k+1(X1, X2, . . . , Xk) with 1 < k ≤ n and p, q ≥ 1.
Then I is a non-stable ideal with linear quotients whose Taylor resolution is
minimal.
Example 2. A Stanley-Reisner ideal I ⊂ S generated by squarefree monomi-
als with the same degree is called matroidal if it satisfies the following exchange
property: For all u, v ∈ G(I) and all i with νi(u) > νi(v), there exists an integer
j with νj(u) < νj(v) such that Xj(u/Xi) ∈ G(I), where we define νi(u) = ai
for u = Xa11 · · ·X
an
n . A matroidal ideal I has a linear resolution (cf. [3]). If it
has the minimal Taylor resolution, we know that I is in the form of
I = Xi1 · · ·Xip(Xj1, . . . , Xjq)
for {i1, . . . , ip} ∩ {j1, . . . , jq} = ∅ with p+ q ≤ n.
Example 3. A squarefree stable ideal is a Stanley-Reisner ideal I ⊂ R satisfy-
ing the condition that, for all i < m(u) such that Xi does not divide u, one has
Xi(u/Xm(u)) ∈ I. Let I be a squarefree stable ideal generated by monomials
with the same degree. If I has the minimal Taylor resolution, then I is in the
form of I = u(Xp+1, . . . , Xq) with u = X1 · · ·Xp for some 1 ≤ p ≤ q.
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